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1. Let T be the system of open subsets of RN und s > 0. Let τs : T → [0,∞] be the function

τs(U) =
(
diam(U)

)s
.

Let Tε = {T ∈ T | diamT < ε } and consider the outer measure defined by

µ∗ε,s(A) := inf
{ ∞∑

n=1

τs(Un) | (Un) ⊂ Tε, A ⊂
∞⋃

n=1

Un

}
.

a) Show: µ∗ε′,s(E) ≥ µ∗ε,s(E) for 0 < ε′ < ε, E ⊂ RN , and deduce that µ∗(s)(E) := limε→0 µ
∗
ε,s(E)

is well-defined f.a. E ⊂ RN . (1 pt)

b) Show: µ∗(s) ist an outer measure on RN . (2 pts)

c) Show: For all T ∈ T , we have

µ∗(s)(T ) =

{
0, if s > N,

∞, if s < N .

(3 pts)

d) Let E ⊂ Rn with µ∗(s)(E) <∞ and t > s. Show: µ∗(t)(E) = 0. (3 optional pts)

Given E ⊂ RN we call
dimHD E = sup{ s > 0 |µ∗(s)(E) =∞}

the Hausdorff-dimension of E, where dimHD E := 0 if µ∗(s)(E) = 0 f.a. s > 0.

Hence, dimHD RN = N .

2. Consider the Cantor-set C = {
∑∞

n=1
an

3n | an ∈ {0, 2} f.a. n ∈ N }.

a) Show that C is in the Borel-σ-algebra of R. Hint: Write C as the intersection of compact subsets
C1 ⊃ C2 ⊃ . . .. 1 pt

b) Show explicitly that the 1-dimensional Lebesgue measure λ1(C) of C is 0. (Do not use problem 1
above.) 1 pt

c) Show that for s = log 2/ log 3 we have for the outer Hausdorff measure µ∗(s) from Problem 1 that

µ∗(s)(C) ≤ 1 .

2 pts
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d) Show that µ∗(s)(C) ≥
1
2 and deduce from Problem 1 that dimHD(C) = log 2/ log 3. 2 optional

points

3. Decide whether the function f : R → R, f(x) = sin x
x for x 6= 0 is Lebesgue-integrable or not and

prove your answer. 4 pts

4. a) Consider the following sequences of functions fn : R→ R and decide and prove whether
limn→∞

∫
R fndλ

1 exists and whether
∫
R lim fndλ

1 = lim
∫
R fndλ

1:

• 1
(1+x2)n

• fn(x) =


0, x ≤ n− 1

n ,

nx+ 1− n2, n− 1
n ≤ x ≤ n,

1 + n2 − nx, n ≤ x ≤ n+ 1
n ,

0, x ≥ n+ 1
n ,

2 points

b) Decide for (N,P(N), µcount) (µcount is the counting measure) and for ([0, 1],B([0, 1]), λ1), for
which r, s ∈ [1,∞) we have Lr(X,µ) ⊂ Ls(X,µ). 2 points

Merry Christmas and Happy New Year !
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