Prof. M. Schwarz Mathematical Physics WS 2019/20

Series 8

1. Let 7 be the system of open subsets of R und s > 0. Let 75: 7 — [0, 0o] be the function
75(U) = (diam(V))".
Let 7. = {T € T | diamT < ¢ } and consider the outer measure defined by
pt G (A) o= inf { Y 7 (Un) [ (Un) C TeoAC | Un }-
n=1 n=1

a) Show: p% ((E) > pf (E) for0 < ¢’ < e, B C RN, and deduce that () (E) := lim. o uZ ,(E)

is well-defined f.a. £ C RY. (1 pt)
b) Show: ,u’(ks) ist an outer measure on RY. (2 pts)
¢) Show: Forall T € T, we have

0, ifs>N
* T — ) b
Hin(T) {oo, if s < N.

(3 pts)

d) Let E C R" with uf, (E) < ocoandt > s. Show: u’(*t)(E) =0. (3 optional pts)

Given E C R we call
dimpp E = sup{s > 0| u(,(E) = oo}

the Hausdorff-dimension of E, where dimpp £ := 0if (F)=0fa.s>0.

Hence, dimpgp RY = N.

2. Consider the Cantor-set C' = { 37| %= |a, € {0,2}fa. n e N}.

a) Show that C'is in the Borel-o-algebra of R. Hint: Write C' as the intersection of compact subsets
CiDCyD.. .. 1 pt

b) Show explicitly that the 1-dimensional Lebesgue measure ! (C) of C'is 0. (Do not use problem 1
above.) 1 pt

¢) Show that for s = log 2/ log 3 we have for the outer Hausdorff measure ,uZ‘s) from Problem 1 that

2 pts
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d) Show that 1if, (C) > % and deduce from Problem 1 that dimp p(C) = log2/log3. 2 optional
points

3. Decide whether the function f: R — R, f(z) = #2£ for z # 0 is Lebesgue-integrable or not and
prove your answer. 4 pts

4. a) Consider the following sequences of functions f,,: R — R and decide and prove whether
limy, o0 [ fndA! exists and whether [ lim fr,dA' = lim [, f,dA':

1
® Tradm
0, a:Sn—%,
nx +1—n?, n—%ﬁxﬁn,
o folz)= 2 ) 1
14+ n* —nax, n<z<n+;,
1
0) $2n+ﬁ7

2 points

b) Decide for (N, P(N), tcount) (eount is the counting measure) and for ([0, 1], B([0, 1]), A!), for
which r, s € [1,00) we have L" (X, u) C L*(X, ). 2 points

Merry Christmas and Happy New Year !
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