Prof. M. Schwarz Mathematical Physics WS 2019/20

Series 9

1. Let (H, (-, -)) be a Hilbert space and C' C H a closed and convex set, i.e.
vwel = tv+(1—-thweCfa 0<t<1.
Show: For all z € H \ C there exists a unique y € C' such that
[ —yll = inf {{lz —v[[[veC}.
Hint: Use the parallelogramm law from the inner product:

lz+yl? + lle = ylI* = 2l2)” + 2]lyl*, fa zyeH.

2. a) Show that every closed subspace V' C H of a Hilbert space # possesses an orthogonal closed
complement
H=VaoVt Vi={weH|wv)=0faveV},

ie. VNVt ={0}andV +V+ =H. 2 points

b) Consider T: H — H*, T'(v) = (v,-). Show that | T'(v)||op = ||v|| f.a. v € H and that T is an
isomorphism. 2 points

3. Consider the polynomials f,(x) = ™ as continuous functions on the intervall [0, 1] and let

D = U span{fo, ..., fa} C C°([0,1]).

neN

The Theorem of Stone-Weierstrass yields that D is dense in C°([0, 1]) w.r.t. the sup-norm || - || .

a) Deduce that D is also dense in the Hilbert space H = L?([0,1]) and show that for all f €
C°([0,1]) we have

1
/f(a:)x”dx:O fan>0 = [f=0.
0
2 points

b) Apply the Gram-Schmidt algorithm to the sequence (f,,)n>0 in order to obtain the Hilbert basis
(en)n>0 and compute eg, 1 and es. 2 points

4. Let f € L'(R) N CY(R) with f” € L'(R). Suppose that in addition we have
(*) lim ‘f(x)| = 0.

|z|—o00

a) Show that R R
f'(k) = 2mikf(k) fa keR.

2 points

b) Is this consequence also true without the assumption (x)? 2 points
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