5.5 SOLUTION
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Remark 1 It is important to understand the one to one correspondence between
R-multilinear maps 7 : R" x --- x R" x (R")* > Rand ¢t : R" x --- x R" — R".
— —
m times m times

For that first try to see why (R")* @ R" =2 Hom(R",R"). Let t € Hom(R"™, R"),
f € (R™* and a € R, now define T : R" x (R™)* — R to be T'(a, f) = (f ot)(a).
Observe that 7' € (R")* ® R" and this correspondence is one to one.

Before we start with the solution we need to check some notations: For two
derivations X,Y € X (M) and f,g € C*(M), by XY we mean the composition of
two maps, thus XY (f) = X(Y(f)) and by fX we mean the product, i.e., fX(g) =
f-X(g). To practice let us see what [fX, gY] is: (By definition [X,Y] = XY - Y X)

[fX, gY](h) = ((fX)(9Y))(h) = ((gY)(fX))(h)
= fX(gY (h)) — gY (fX(h))
= fX(9.Y(h)) —g.Y(fX(h))
= (9 X(Y (1) +Y(h).X(9)) = g (F-OY(X(R) + X(h).Y ()
= f9(XY(h) =Y X(h)) + fX(9)Y (h) — gY (/)X (R)
Therefore

(1) [fX,gY] = fg(XY =Y X) + fX(g)Y = gV ()X € X(M)

Definition 1 As defined in problem 4.c of sheet 2, a connection V : X (M) x
X(M) - X(M), V(X,Y) = VxY is a k-multilinear map of k-vector spaces for
k = C and R , such that

(2) VixY = fVxY
(3) Vx(fY)=fVxY + X(f)Y

forall X,Y € X(M) and f € C*°(M). (Check my solution 4 sheet 2 for the k-vector
space structure of X'(M))

Note: Combining (2) and (3) we have:
(4) Vix(gY) = fgVxY + fX(9)Y
for all X, Y € X(M) and f,g € C*(M).
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Now I suggest that before you read the following solution, make sure that you
understand 4.c from sheet 2.

Solution 5. To show that R : X(M) x X(M) x X(M) — X (M) is a 3-
I-tensor field, we need to show that for any p € M, the map R(X,Y,Z)y) =
R,(X(p),Y(p), Z(p)) is well defined and k-multilinear. R, being well-defined means
that for all X,Y, Z, X' Y’ 7' € X(M) such that X(p) = X'(p), Y(p) = Y'(p), and
Z(p) = Z'(p) we have R,(X(p),Y (p), Z(p)) = R,(X'(p),Y'(p), Z'(p)). But from 4.c
sheet 2 we know that this is enough to show that the map R is k-multilinear and
for all f,g,h € X(M) we have:

(5) R(fX,gY,hZ) = fghR(X.Y, Z)
By the definition of R:
(6) R(X, Y, Z) = vayZ - VvaZ - V[X,Y]Z,

k-multilinearity of V implies k-multilinearity of R. So it only remains to prove 5.

R(fX,qY,hZ) Y YV 1x Vi (hZ) =V V x (hZ) — Virx.gv)(h2)

Now we can separately expand them:
VixVor(h2) LV (ghVy Z + gY (1)Z)
Y= (Vx(ghVy Z) + Vi (9Y () 2)
(i)f<ghvx(vy2) + X(gh)VyZ + gY (WVxZ + X(gy(h))z)
You can simply switch f <+ g and X <> Y to see:
Vo Vix(hZ) = g( FONVy (VX Z) + Y (FR)Vx Z + fX(h)VyZ + Y ( fX(h))Z)
Finally by using (1) and k-multilinearity of V:

Vipxgv)(hZ) =Vigxy (hZ) = Vigyx(hZ) + Vix gy (hZ) = Vv (5)x (hZ)
2(£9hVarZ + fo(XY (W)Z) = (fghVyxZ + Fg(Y X ())Z)+

(FX (Vv Z+ [X(9)Y ()Z) = (9Y ()hVZ + Y (£)X(h)2)
We can now add them up:
(FohVx(Vy2)+ [X(gh)VyZ + fg¥ (WY xZ + [X(g¥ (1) Z ) -
(£9hVy(VZ) + Y (FN)VZ + [gX W)y Z + gY (FX () Z) -
(fghVXYZ + f9(XY (h)Z — fghVyxZ — fg(Y X (h))Z+

FX(OhVyZ + [X(g)Y (W) Z = gY ())hVxZ = g¥ (£)X (1))
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By simply reordering it you get 5:
R(fX,g9Y,hZ) = fgh(VxVyZ —NyVxZ —VxyZ + VyxZ)+

(fX(gh) — f9X(h) = fX (9)h) Vy 2~
(v (sh) = fo¥ (k) = g¥ (1)) Vi Z+
(fX ~ JoX(Y ())—fX(9>Y(h))Z—
(v (s

gY (FX(R)) = fgV (X (R)) = g¥ (£)X(h))Z

By the definition of a derivation you see that the expression in big parenthesis at
each line vanishes. Therefore

R(fX, gY, hZ) = fgh(VXVyZ - Vyvxz - V[X’y]Z).



