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Who was Kummer?

Ernst Eduard Kummer
(1810 Sorau, Prussia - 1893 Berlin)

Ernst Kummer entered the Sorau high
school in 1819, and pursued Protestant
theology at the University of Halle in
1828. However, he soon turned to
mathematics, at first as a preparation
for philosophy.

In 1831 he received his doctorate in
mathematics under the supervision of
Heinrich Ferdinand Scherk.

Afterwards, for ten years he taught physics and mathematics at the
Gymnasium in Liegnitz.
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Mathematicians who supported Kummer

Scherk Dirichlet Jacobi

In 1842, with the support of Jacobi and Dirichlet, he became a
professor at the University of Breslau.

In 1855 Dirichlet left the University of Berlin to succeed Gauss at
Goettingen, and Kummer was named as Dirichlet’s replacement.
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Kummer’s colleagues and friends

The friendly trio Kummer-Weierstrass-Kronecker made Berlin
for three decades one of the world’s leading centers for
mathematics.

Kronecker Weierstrass

Kummer’s lectures were heavily attended due to his excellent
exposition.
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Kummer’s well-known students

Arthur
Schonflies

Franz Mertens
Friedrich
Schur

Georg Cantor

Gotthold
Eisenstein

Heinrich
Bruns

Hermann
Schwarz

Paul
Bachmann

5 / 16



Kummer’s research

Kummer became known primarily as a number theorist. He
introduced ideal numbers which later became the ideal theory
through Richard Dedekind and Kronecker, one of the main
concepts of abstract algebra. One of his motivations to introduce
ideal numbers was the Fermat conjecture, in which various
attempts at proof failed in the early 19th century.

During the last phase of his career, Kummer focused on geometry,
with applications to ray systems and ballistics. His study followed
the work of William Rowan Hamilton. In the course of this
research he discovered Kummer surface. Numerous mathematical
concepts have been named after him.
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Basic definitions
An algebraic surface is the zero locus of a polynomial equation in
the 3 dimensional projective space P3

C. (just think of C3).

The degree of an algebraic surface is the degree of its defining
polynomial.

The cowboy hat and the heart are the zero sets of f and g ,
respectively, where:

f = x3 + y3 + z3−0.05(x + y + z + 1)3−0.139(x + y + z + 3)2 + 1,

g = (x2 + 9
4y

2 + z2 − 1)3 − x2z3 − 9
80y

2z3.

? You only see the real solution points
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Nodes on curves and surfaces

Plane curve of degree d: The zero set of a degree d polynomial in the
plane P2

C. (just think of C2).

A point on a plane curve is called a node if the curve ”looks like” a
cross ( , x = y)
around it.

A point on an algebraic surface is called a node if the surface ”looks

like” a cone ( x2 + y2 = z2 ) around it.
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What is a Kummer surface?

A quartic surface is an algebraic surface of degree four.

A quartic surface with the maximum number of nodes is called a
Kummer surface.

- What is the maximum number of nodes for a quartic surface?

It is one more than the maximum number of nodes for a
degree six plane curve .

f =∏6
i=1(aix + biy + ci ),

ai , bi , ci ∈ R The union of 6 lines
intersecting in
pairwise distinct points

A Kummer surface is a quartic surface with
(6
2

)
+ 1 = 16 nodes.
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Why degree six plane curves?

Let K ⊂ P3 be a quartic surface with a node P. Let K ′ be the
blow-up of K at P.

There is a 2 to 1 map from K ′ to P2,
which is a double cover of P2.

The ramification locus (where the image
is thinner) of the double cover is a plane
curve C of degree 6, and all the nodes of
K which are not P map to the nodes of
C .

One can also check that there is a
”reverse direction”, ...

The picture shows how we blow up a plane at a point. It is stolen
from https://www.shapeways.com.
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The most popular Kummer surface

This is a Kummer surface

where all the nodes are real.

Therefore you can see and

count all the 16 nodes.

f = −1.976 (1−
√
2 x − z) (1 +

√
2 x − z) (1−

√
2 y + z) (1 +

√
2 y + z) +

(−1.3924 + x2 + y 2 + z2)2;

The 16 nodes on a Kummer surface form an interesting configuration
in the space...
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Configuration of 16 nodes

There are 16 planes that each contain 6 of these nodes,

and

through each of the 16 nodes there pass 6 of the planes.

But the intersection of a plane and a quartic surface has to have
degree 4, it can not be the 6 points...
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Conics on the Kummer surface

Each of these 16 planes
touches the Kummer surface
along a curve of degree 2
which is called a conic.

Furthermore, the plane is
tangent to the surface at
each point of the intersection.

For this reason these planes
are often called double planes.

The picture is from the model collection in Goettingen. This is
constructed in 1877 by K.Rohn.
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Kummer surface with 8 real nodes

Not all the 16 nodes are
necessarily real. In the picture
you can see a Kummer surface
with 8 real nodes and double
planes.

Each of the 8 real double
planes contains 4 real nodes.
The remaining two points are
complex conjugates .

The picture is from the book Mathematical Models by Gerd Fischer
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Kummer surface with 4 real nodes

The picture is from the book Mathematical Models by Gerd Fischer
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Thank you.
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