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*** To see more details on this check the end of this exercise
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Problem 3.1

l) 4't
(u)

Lctg:Ur+VCIR."besourechartonM.ForanyXeX.defureXreHom(C*(V,R),C*(y,R))
irv X"(/) : (X(f " d)g-' V,f e c tv )

o
xoj'g) : X,,'((f oP) (g"P):f.X,G)+X,ff).s
- Xp is agaiu a dcrivation

X$n")(ns) a"(ro)
Where the zr-; are the projection rnaps on the ith coordilrate
zed corrt. diff. crrrve ila,b) r-+ IR.". It is called an integral curve

tl
a|(tJqk
:

40)

LT,,\)e -: L\I oe)op 1] lX(s.d"p-tl+lx(f oe)oe-tllbop)op-rl

Using local coordinates everv derivation of this kind can be uniqrrely represented in the
lblrrr Xo: ot #+ "' + o" # whcre or e Ccoryf,lR)
X i:' irldrtifrcd with a vectorficld at a given poinf ro by

a

{"')("0) ar@0)

):(
Let Trbc a paratnetri-

ofXq

*r( forallte(o,,b)

'Iake a tangerrt vector lfJo at p e X't. For all .f e C*(A.'I,IR.) and for 1,1eh)p
#lr:,rf a 1 : *lr:of o ] so especially for ali the cornponerrts of a chart cp we have

#i,:^,,1 '1:-#1;oyo ot A -. au A ! u . /*(;^" Y' c- t, t)--U lo Lu f -e'o T?ter Y p b" {f" wt -2r*-( *Y_---, V
F.rl any'srnooth irrrve-1 , (-r,116 {D"titt" le: (-e,u) V4 v by lp: pa 1 arxl
Ior 1,1e [r]p we have *lr:o1r: *lr:07,
Now cornpute the coefficierrts af, in the representation of X"
a'r(r ) : x,p (n.;) (r) : X (n i o p il @-L (r) ) : x (p' ) ( p-I ("))
Scttirrg .;r, : c,:(f (0)) : p(p) 4

#lr:u1r' : x(Pn)(P)

Clla,irn: tiris delincs tr biiection rxlf "-- [d r
To vcrifv this wc have to check how both sicles transfornr urrder change of coorciirtate
chai't:
Lt,t'. t:i be thc coorclirratcs fbr a chart cp aurl yi be thc cooldinates for a chart rf
Lc,ft sicle: #lr:nto, : #.lr:oQu o j : #"|,:n(Pn o s-l)o (p o rY *lr:o@o(")) o r(t)
: I; ##lr:oei o'y : Di J]*lr:o?u, Where J is the j:rcobiarr of tirc transfonnatiort

1
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firrrction g o p-r taken at cp(f (0))
R.iglrt sicle: X(gi) : X(pi'o g*L o p)(p) : X(,?i " p-r o p)p-t(p(p)) :

x
'a-

\

)<
-c'\5

--SJ

X (nio (Q " p-1) o p)p-I (ro) : X,p(nt o (q o p-r))("0) : Ii
Using the vector notation we have

*,|,:oto : J ( *),-o?,p) a'cl

x (e)@) , /vL -2lt o"t-# c5

:N7to
#"ir@d: I, Jlx(pi)(p)

Y t ce ) ? X'. c*tu| -"Pt"')
{b{":

x(e)(p) r
...?^ (

mza,r1 : I
a one-t,r-orfd

J
4:

+We betu'een tire equivalence class of derivations
at point p and the equivalence class of curves at point p

2) 4'z

We krrow that for any chart <pi atdany two elernents 7 and i "f lllpwe have

dt d,tfrlt-oei o 1 : fi lt=oqto J So tltc tnaP:

rl,:T.,A.I *+ % a IR"'P

!'{il) : *lr:npno 7 is irrjectiv'

Fc[ arry vector u ir Vi we car] constnrct a. curve o(t) : u .t * ro (ro sonre poirrt irr
Vi wlrich is opcn) such that for t € @, e) the curve is irr I/i arrd *lr:oo: u Now we carl
cotrstrrrct o:gt| oowhichisasmoothcurveinU'with *1, ^qo.o6:t). Sotliernap
is alstr tlrrtrr. 

- i attt:ut '

Now irlerrtitV ftlr:oVro j: ui. + (ur)rch: (#.lr:opno1)rcr,

Fol arry i,,j e Ie we have *lr:rgoo1: #lr:npnop.itogjo j:4u #lr:opiol
This is cxactlv the property we wanted:
Scr

1,2:Tpl\[*Tot\,[

4'z(Lt1) : (#lr:oei o t) rc4
u';1{[r'1o) : bl#|,:oeio r : ri]
3) ,/,,t

Lert tr € iR',. Denote {X is a vector'field over R"lX(p) : u} liy [u]r. This is a well clefi-
trerl crrqiva,ierrce class. Now take atty (ui)p6 € fe\t. For arry ui, ui e (u)rcb we ha,ve

lut]p: {X is a vectol field o'"'er R"lXu(p): z-;} anci luir:lfquil, We krrow that iu tire
c:ooldirtates of a choscn urap g every derivation on t1,1 is for a given point p associated to

2


